Using configuration space to plan collision free motion for a single rigid object amongst physical objectS, reduces the problem to planning motion for a mamematical point amongst "grown" configuration space obstacles, ( the poinrs in configuration space which correspond to me object overlapping one or more obstacles). The problem of collision free motion for a point is simple since a point can now be moved without restriction in any connected region of configuration space. The difficult pan of the recfmique comes in the construction of the configuration space obstacles. In the past object representations have been polyhedral approximations to the real object However it has progressively become easier for geometric modeling systems [Q deal with objecrs that are defined by quadric (degree 2) surfaces. It is in this sophisticated modeling environment that we characterize the surface boundary of me configuration space obstacles arising from the motion of a sphere amongst obstacles whose boundary is defined by patches of quadric surfaces. The problem of generating these configuration space obstacles is also shown to be closely related to the problem of blending quadric surfaces by spherical envelopes.
Introduction
Perhaps the most important and universal scheme used in motion planning is that of transforming the problem in such a way that the rigid object to be moved is represenred as a point in what is known as configuration space. For example, the position and orientation of a rigid object in the plane can be represented by a point (x. y. 9) in a 3-dimeru>ional parameter configuration space where x I y represent the position of a reference point of the object and e represents the orientation of a reference line of the object (say its angle wilh. the positive x-axis).
Similarly, a rigid object lr3nSlating and rotating in 3-dimensional space can be represented as a point moving in a 6-dimensional configuration space. Early examples of a configuration space approach are [5] , [11] and more recently [8, 9] . Using configuration space to plan collision free motion for a single rigid object amongst physical objects, reduces the problem to planning motion for a mathematical point amongst "grown" configuration space obstacles, ( the points in configuration space which correspond to the object overlapping one or more obstacles). The problem of collision free motion for a point is simple since a point can now be moved without reslriction in any connected region of configuration space. The difficult part of the technique comes in the consOUetion of the configuration space obstacles, (henceforth C -space obstacles).
There are few techniques known for computing or approximating the C -space obstacles, resulting from motion of a rigid object in 3-dimensional space, [7] . These techniques have primarily been confined to the motion of the class of polyhedral (degree I surface) objects amongst polyhedral obstacles [3, 4, 9, 10] . We now consider the generation of C -space obstacles arising from the motion of a spherical object amongst obstacles whose surface boundary consists of patches of quadric surfaces. In § 2 of this paper we characterize the problem of "growing" gen.
erai C -space obstacles and show that the C -space obstacle boundary surface is the envelope surface of the reversed object, (reversed with respect to the reference paim of the object), as the reference point moves around the boundary of the obstacle. In § 3 we consider the case of the moving object being a sphere. More general quadric surface moving objects will be explored in a subsequent paper [2] . In § 4 we consider the obstacles whose boundary consists of patches of quadric surfaces. In § 5 we show how generation of Lhese obstacles is closely related to the problem of blending quadric surfaces by spherical envelopes. The problem of blending surfaces, [6] , is thus a special case of the general problem of generating C -space obstacles.
The choice of the sphere in § 3 is advantageous for a number of reasons. A practicJ1 metho.
dology that is increasingly gaining ground in robot task planning, is that of hierarchical representations. [7J, The notion of hierarchical representations involves attempting [0 solve problems concerning physical objects by starting with very simple represenlations of the properties involved, and introducing more complex representations only as they are required to solve the problem. A system thus could initially approximate all objects by interior and exterior enclosing spheres. If the exterior spheres do not intersect at all dUring a planned motion, the motion is known to be safe. If the interior spheres intersect during such a motion, a collision free motion is impossible. If neither of these conditions are met the system then could proceed to a finer level of detail. In most industrial applications. the workspace environment of the robot is sparsely cluttered and finding collision free paths for general objects by considering the motion of enclosing spheres of the objects would suffice. Possibly, though at high computational cost, exact high degree surface representations could be used.
There is a further advantage in considering spheres. Approximations of the moving object by the lowest degree (planar) surfaces. i.e" polyhedral objects amongst polyhedral obstacles lead to an immediate computational difficulty. The unrestricted motion of a polyhedral rigid object reduces to the motion of a point in 6-dimensional configuration space where both finding connected regions for collision free motion and characterizing 6-dimensional C-space obstacles is an arduous task. [4, 10] . The unrestricted motion of a sphere on the other hand is transformed to the motion of a point amongst 3-dimensional C-space obstacles.
Characterization of Growing C-space Obstacles
Let A be an object and B be a fixed obStacle. Let a point of A, say aO I be designated as the reference point of A. ThroUghout we consider A to be free to move under translalion but not rotation. In this case configuration space is 3-dimensional. Let A p denote the set of points in 3-space covered by A when A is located with ao at the point p. A o denotes this set of points when ao is al the origin. Let B denote the set of points in 3-space occupied by the obstacle B. The C -space obstacle corresponding to B is the set of configuration space points {p IA p n B '#.~}.
We define B-A to be the set of points {p I p = b -a, a EA. b E B} in 3-space, whereb -a is the vector difference of a and b. With translation but no rotation the C -space obstacle is given by the "grown" obstacle, B-A o as shown below. 
Hence, the solution for the boundaJ}' of the C-:space obsro.cle B I is the set of all the points p which satisfies the following partial differemial equation
for some ct > 0 and some p e Bdr(B). In general. for given f and g I this partial differential equation is difficult to solve directly. We now attempt to characterize the solution for the cases where f = 0 is a quadric surface and g = 0 is a sphere.
Moving a Spherical Object
Consider the object A to be a sphere of radius r with its center as a reference point and suppose the boundary of an obstacle B be given by a smooth surface 
.Ja'+b'+c2~K.
By the above result
Hence, a plane is grown into another plane. 
Hence, a circular cylinder of radius R is grown into another circular cylinder of radius R +r .
Sphere:
We may assume
And so.
r r r r
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Hence, a sphere of radius R is grown into another sphere of radius R+r .
Surfaces of Revolution
Besides the aoove three surfaces, the cone is another very imponant and useful quadric surface in geometric design. Such surfaces also arise in modeling cutting tools in machining operatio~. However. a conic surface given by the equation f (x ,y.z) =.x 2 + y2 -z2 = 0, and having IIV!(x,y,z)11 = I I(2x,2y ,-2z) I I ;:J; constant, requires another tectmique to compute the C -space obstacle. We shall first consider a more genernl case of the surface of revolution and see that the C -space obstacle of a surface of revolution is again a surface of revolution. Generating the C -space obstacle of a cone is then a special case of this.
Growing of a Convex·Downwards Generating Curve
Vlhen the boundary surface of an obstacle is a surface of revolution of a convex-downwards 
Hence, this gradient vector is parallel to the plane containing the x-axis and the point (x ,y,z).
And so, when we grow the point p = (x.y ,z) into another point ji = ex,y,Z). this grown point ji will be on the same plane determined by the ;c·ax.is and the point p = (x ,y ,z). We can easily see 
Now, the growing of the point (x, c (x» toward this outward nonnal direction by distance r is
x + :;:-'-"';;'":
In general. it's very difficult to represent y in terms of x to get a generating curve for the boundary of the C -space obstacle. But in some special cases, x can be represented by x in a simple way, and so y can be represented by xeasily. Remarkably, the cone is such an easy case.
Generating curve is a line segment:
When the generating curve y =c (x)~0, a s: x~b is a straight line segment y =<XX ;:: 0, a :5.r :5 b, its surface of revolution is a piece of a cone. We have
By using the above result we get --e'(r)-, 
Hence, the growing of the cone y2 + z2 -a?-·x 2 = 0, a~x~b is the surface of revolution of When we grow this curve by a circle of radius r. we will get
Hence, a new generating curve for the grown curve is
The corresponding surface of revolution for this grown generating curve can be obtained byeliminating t from the follwing two equations and replacing the bounds for the parameter t by that of
Example: Cone
Cone is a surface of revolution of the following two line segments.
Since there are two singular points (0,0) and (b ,ab), these will be grown into a piece of a· circle in the generating .xy -plane. Two line segments will be grown into line segments of equal length and slope. Hence. the generating curve of the C-space obstacle of a cone consists of 4 pieces of elementary curves.
(1) First of all. y = cu~0, 0 S x S b will be grown into a line segment _,,----,; ar ar ,(a,)), .." (a., c. (a.) ), (b., 0) = (b, 0) will be grown into a piece of circle as follows
(1) (0, 0) will be grown into
where aiwill be grown into Each planar face will be grown into anOl.her planar face at distance r. Each circular cylindrical face (of radius R) will be grown into another circular cylindrical face (of radius R +r). Each spherical face (of radius R) will be grown into another spherical face (of radius R+r). Each conic face will be grown into another conic face without an apex, because the apex will be grown into a circular edge and a spherical face.
Growing Edges into Edges and Faces
When a face is bounded by some edges, its grown face will be bounded by the grown edges of the boundary edges of the original face. In the case of common boundary edge E of two different faces F 1 and F 2, as a curve on the face F l' E will be grown into a boundary edge E l' of F l' and at the same time as a curve on the face F 2. it will be grown into another boundary edge E 2' of F 2'· In addition to these two edges E I' and E z'I E will be grown into a face FE' which is a 
C ,(t) + C,(t) H(s,t)=YC(l)(S)=C(t)+r

Boundary consisting of several planar patches
When the boundary of an obstacle B consists of only planar faces. the edges arc all stright line segements. Each face will be grown into another planar face of the same shape and area, each edge will be grown into two line segments and a piece of right circular cylinder, and each venex will be grown into vertices, circular edges. and a spherical face. The boundary of C -space obstacle B' will be composed of pieces of planes, circular cylinders, and spheres. 
-R S;x. z $.R, y =R+r
Y~R, -R <;, <;R (51) (x-R)'+(y-R)'+{,-R)' = ,',x~R ,y~R.,~R (52) (x-R)'+(y-R)'+{2+R)' = ,,,x~R ,y~R" <;-R (53) (x-R)'+(y+R)'+{,-R)' = ,,,x~R,y <;-R"~R (54) (x-R)'+(y+R)'+{2+R)' = ,', x~R ,y <;-R., <;-R (55) (:x:+R)'+(y-R)'+{,-R)' = ", x <; -R, Y~R"~R (56) (:x:+R)'+(y-R)'+{2+R)' = ,,,x <;-R ,y~R" <;-R (57) (:X:+R )'+(y+R)'+{,-R)' = ,', x <; -R ,y <; -R"~R (58) (:x:+R)'+(Y+R)'+{2+R)' = ,',x <;-R ,y <;-R" <;-R
Boundary consisting of planar patches and cylindrical patches
The 
G :g(;c,y,z)=R 2 -y'-z2=0
By solving these two equations simultaneously, we get ;c' -y2 = 0, (;c-y )(:<+y) = 0, and y = ±;c Hence, the intersecting curves are on the planes y = x and y = -x. The intersecting curves can be divided into 4 pieces and parameterized by t as follows cI 
(t)=(t, t, ...JR 2 _t 2 ), -R 5.t 5.R c2(t)=(t, t,_..JR 2 _t 2 ), -RSt$R c,(t)=(t,-t, ..JR 2 _t 2 ), -R$t$R c4(t)=(t.-t,-;JR 2 -t 2 ), -R5.t$.R
When we grow these cylinders inwards (we assume the obstacle is defined by x 2 +z 2~R 2 and y2+ z 2;? R 2 ), the piece of cylinders will shrink toward their relative axes. Since the intersecting curves are on both F and G, as a curve on F, it will shrink toward the y -axis and as a curve on G, it will shrink toward the x -axis. The gap between the boundary edges of the reduced cylinders F' and G' is filled out by the envelope of a sphere of radius r moving with its center on the intersecting curves of F and G. forming the blend of the reduced cylinders. 
intersects with a sphere of radius r as follows The straight line connecting these two points v and w is given by
,0r-I';;s';;l
The geodesic curve segment connecting v and w on the sphere of radius r is P, (s) for -1:5:s :s; I, -R :f e :fR Now, when we translate this curve so that it will be on the sphere of redius r with its center at the 
R R
, ,
The growing of all these curves imo smooth surface patches will be done exactly the same way as we did it in the case of two intersecting cylinders. A new situation in this problem is how 
c,(r)=( -Jt'+(R,'-R,'), t,--JR,'-r'), -R,~t~R2 c,(t) = (--Jt'+ (RI'-Rz'), t, -JR,'-t'),
-R,~r~R, A straight line connecting these two points is given by We can do similar work. for the other 3 intersecting curves cZ t C3. and c4.
Two cylinders of same radius intersecting at skew-angle
When two cylinders intersect at skew angle, by rotating appropriately we can place one of the cylinders parallel to the y-axis. We may assume one of the cylinder is given by
Another cylinder intersecting at skew angle can be given by rotating the following cylinder by angle~counter-clockwise alxmt z-axis.
The rotmed cylinder is
When x = r cosS and y = r sinS.
x' = r cos(4) = r (cosS COSlP + sinS sinlP) = x cos$ +y sinlP y' = r sin(4) = r (sinS cos¢'-cosS sin¢') = y COSlP-x sinlP Hence, the rotated cylinder is
When we solve the following simultaneous equations
Xl -(xl sin 2 ep -2xy sinep cos$ + y2coSZep) = 0
We may assume 0 < I\> <; (:. COS 2 $ ;c 0), and so
Hence, will be grown into another cylinder
which is bounded by the 4 parametric curves
And, the other cylinder
or equivalently,
and the 4 boundary curves of this cylinder will be grown as follows.
First, rotate these curves by $. clockwise (Le. -1l. counterclockwise), sluink it towards the x axis. and then relate it back into the x' axis. • The rest of work. is exactly the same as before.
